The electron cyclotron emissions represent a useful tool in the diagnostics of fusion plasmas and space plasma fluctuations. The instability which enhances the whistler-cyclotron modes is driven in the presence of an ambient regular magnetic field by an excess of transverse kinetic energy of plasma particles. Previous studies have modelled the anisotropic particles with a bi-Maxwellian or a bi-Kappa distribution function and found a suppression of this instability in the presence of suprathermal tails. Here, the anisotropic plasma is modelled with a product-bi-Kappa distribution, with the advantage that this distribution function enables the use of two different spectral indices in the main directions, κ = κ ⊥ , and permits further characterization of kappa populations and their excitations. The exact numerical values of the growth rates and the instability threshold are derived and contrasted with those for a simple bi-Kappa and a bi-Maxwellian, using plasma parameters and magnetic fields relevant for the solar and terrestrial environments.
The shape of the electron and proton distribution functions observed in the solar wind displays a bidirectional temperature anisotropy A ≡ T ⊥ /T = 1, where parallel and perpendicular indicate directions with respect to the ambient magnetic field (Pilipp et al. 1990; Salem et al. 2003; Hellinger et al. 2006; Stverak et al. 2008; Bale et al. 2009 ). These anisotropies are, however, not so large as predicted by the low-collisional exospheric models, implying that some constraints, e.g. instabilities or collisions, should limit temperature anisotropies and explain the observations (Hellinger et al. 2006; Stverak et al. 2008) . Indeed, the thresholds of the kinetic plasma instabilities provided by the linear Vlasov dispersion theory are found to fit well the limits of a stable plasma measured in the solar wind (and flares): e.g. increasing of the parallel electron temperature (T > T ⊥ ) is constrained by the firehose instability (Paesold & Benz 1999; Gary & Nishimura 2003; Stverak et al. 2008) , and any excess of the perpendicular temperature (T ⊥ > T ) is bounded by the whistler instability (Gary & Wang 1996; Stverak et al. 2008; Schlickeiser & Skoda 2010) .
The electron whistler-cyclotron waves are transverse plasma modes with frequencies between the electron and ion gyrofrequencies, | e | < ω < i . Such electromagnetic signals have first been E-mail: mlazar@tp4.rub.de (ML); Stefaan.Poedts@wis.kuleuven.be (SP); rsch@tp4.rub.de (RS) observed in the form of low-frequency whistlers in atmospherics (Helliwel et al. 1956 ). These modes are driven by the charged particles kinetic anisotropies, which are widely present in the solar wind and all solar-terestrial environments (Pilipp et al. 1990; Salem et al. 2003; Stverak et al. 2008) . Whistlers are helical waves with a prevailing right-handed (RH) circular polarization, and which enhance through cyclotron resonance with energetic electrons in excess, for instance, within a temperature anisotropy or a drifting plasma (Mace 1998; Lazar et al. 2008a) . This is the whistler-cyclotron instability with a maximum growth at parallel propagation with respect to the regular ambient magnetic field (k × B 0 = 0).
Deviations from Maxwellian equilibrium are expected to produce in space plasmas, which are sufficiently dilute and low collisional. Observations and in situ measurements have confirmed the widespread existence of suprathermal populations at different altitudes in the solar wind plasma (Feldman et al. 1975; Pilipp et al. 1987; Fisk & Gloeckler 2006) and probably in the solar corona (Pierrard, Maksimovic & Lemaire 1999; Scudder 1992) . These populations exhibit suprathermal high-energy tails and are modelled by the family of Kappa distribution functions (Vasyliunas 1968; Scudder 1992; Maksimovic, Pierrard & Lemaire 1997; Pierrard, Maksimovic & Lemaire 2001) , which are power laws in particle speed. Such power-law distributions generalize the notion of equilibrium for a collisionless plasma deviated from Maxwellian equilibrium but with a fully developed turbulence in a quasi-stationary equilibrium (Leubner 2002; Fisk & Gloeckler 2006; Treumann & Jaroschek 2008 ). The temperature is therefore redefined on the basis of a superadditive entropy (Tsallis 1995; Treumann & Jaroschek 2008) .
The so-called Kappa distributions are defined by using a spectral index κ, which determines the slope of the high-energy tails in the velocity spectrum of plasma particles, and for a very large κ → ∞, the Kappa function degenerates into Maxwellian (Summers & Thorne 1991) . The anisotropic plasma has been modelled with a bi-Kappa distribution function introduced here in equation (4), and which describes a temperature anisotropy, T ⊥ = T , with the same index κ = κ ⊥ = κ for both directions. This distribution has widely been used for describing kinetic instabilities in a drifting or a non-drifting plasma, e.g. the ion acoustic instability (Summers & Thorne 1992) , the electromagnetic ion-cyclotron and the firehose instabilities (Summers & Thorne 1992; Xue, Thorne & Summers 1996a,b; ), the mirror unstable mode (Leubner & Schupfer 2000) , the whistler and electron cyclotron instabilities (Mace 1998; Xiao, Thorne & Summers 1998; Tripathi & Singhal 2008; Lazar et al. 2008a ) and the non-resonant instabilities of Weibel-type (Zaheer & Murtaza 2007; Lazar, Schlickeiser & Shukla 2008b; Lazar, Schlickeiser & Poedts 2010) . It was found that Kappa populations significantly alter both the dispersion and stability of the plasma modes. Thus, in a bi-Kappa model, the growth rate of the whistler-cyclotron modes is, in general, enhanced with Kappa reaching the maximum value for a very large κ → ∞, i.e. for a bi-Maxwellian plasma (Lazar et al. 2008a; Mace & Sydora 2010) . Only at small anisotropies, A < 2, the effect can be opposite, the growth rate decreasing with Kappa (Mace 1998; Tripathi & Singhal 2008; Mace & Sydora 2010) , but the instability seems to be not so effective at such small anisotropies in the solar wind, where plasma has been observed to be sufficiently stable (Salem et al. 2003; Stverak et al. 2008) .
In space plasmas, the anisotropic distributions are not symmetric, but they often become skewed and exhibit tails along the ambient magnetic field. This asymmetry has been characterized by introducing a Kappa-Maxwellian distribution, which is a product of a one-dimensional Kappa distribution along a preferred direction in space (e.g. the guiding magnetic field), and a Maxwellian distribution in the perpendicular plane (Hellberg & Mace 2002) . In this case the dispersion properties are found to be markedly changed in a hybrid Kappa-Maxwellian plasma as compared to a uniform bi-Maxwellian or a bi-Kappa (Hellberg & Mace 2002; Mace & Helberg 2003; Cattaert, Hellberg & Mace 2007) . Further generalization can be achieved by using a product-bi-Kappa function such as the one defined by Summers & Thorne (1991) (in table 1) and introduced here in equation (1). The product-bi-Kappa distribution function allows for a more realistic description of such asymmetric plasmas because it decouples the dynamics of the plasma particles over the two principal directions parallel and perpendicular to the magnetic field, allowing not only for distinct temperatures T = T ⊥ , but also for distinct spectral indices κ = κ ⊥ . By the interplay of κ and κ ⊥ one can trigger the coupling of plasma particles motion in the two principal directions in accordance with the guiding magnetic field or other constraints.
The product-bi-Kappa distribution function has recently been used for revising the effects of Kappa populations on the hydromagnetic waves (Basu 2009) , and the Weibel instability (Lazar et al. 2010) . The growth rate and the threshold of the Weibel instability have been found to be very sensitive to the shape of the anisotropic distribution: while for a bi-Kappa distribution the instability is suppressed by comparison to a Maxwellian, for a product-bi-Kappa the growth rates are enhanced. The enhancing effect cannot be attributed to a resonant interaction with the energetic particles from Kappa tails because the Weibel instability is non-resonant, but it is well explained by an excess of anisotropy (and free energy) of the contours of the product-bi-Kappa distribution in the velocity space (see Fig. 1 ).
This is the first investigation of the whistler-cyclotron instability driven by a product-bi-Kappa distribution. We restrict the analysis to the parallel (slab mode) wave propagation because the energy exchanged by charged particles and waves at oblique propagation in interplanetary plasma is expected to be much smaller, and the parallel electromagnetic and electrostatic modes are decoupled. Below the electron gyrofrequency, ω < | e | = , the RH electromagnetic branch includes the electron cyclotron modes with frequencies in the vicinity of the electron gyrofrequency, ω , and the whistler modes with frequencies much smaller, ω . These modes have subluminal phase velocities, ω/k < c (c is the speed of light in vacuum), and frequencies sufficiently high to neglect the ions reaction whether their distribution exhibits or not anisotropic Kappa tails (with the same or different parallel and perpendicular indices Kappa).
K A P PA D I S T R I B U T I O N F U N C T I O N S
In order to describe the initially unperturbed plasma system we introduce the product-bi-Kappa distribution function (Summers & Thorne 1991) 
the particle velocity space. This function is normalized to unity ddefined as
with two different spectral indices, κ > 1/2 and κ ⊥ > 1, respectively.
The distribution function used in the previous studies was a simple additive bi-Kappa
This is normalized to unity, d 3 v F 2 = 1, and defined with a unique spectral index κ > 3/2 and with respect to the equivalent thermal velocities θ ,⊥ given by
Contour plots of the distribution functions (1) and (4) are displayed in Fig. 1 for a small spectral index κ = 3. Note that these two distributions look markedly different at low values of κ, with a prominent asymmetry of the product-bi-Kappa distribution that seems to provide an excess of free energy which is expected to enhance the electromagnetic instability. In the limit of a very large spectral index κ → ∞ both these distribution functions approach the same bi-Maxwellian.
D I S P E R S I O N R E L AT I O N S
Assuming an excess of perpendicular temperature (T ⊥ > T ), the transverse (electromagnetic) instability develops aperiodically, Re(ω) ≡ ω r = 0, along the magnetic field direction (subscript ' ') with a wavenumber k = k and a growth rate Im(ω) ≡ ω i > 0. The general dispersion relation derived from the linearized VlasovMaxwell equations for the parallel electromagnetic modes takes the form (Tautz & Schlickeiser 2005; Lazar et al. 2008a )
where ω and k are, respectively, the frequency and the wavenumber of the plasma modes, c is the speed of light in vacuum, a = q a B 0 /(m a c) is the (non-relativistic) gyrofrequency and ω p,a = (4πn a e 2 /m a ) 1/2 is the plasma frequency for the particles of sort a. Superscripts '±' and the corresponding signs '±' are used to identify the circularly polarized electromagnetic modes with right-hand (RH) and left-hand (LH) polarizations, respectively.
Partial derivatives in equation (7) are calculated in the Appendix for both distribution functions (1) and (4). Thus, first we use the product-bi-Kappa distribution and find from equation (7) 
where we have introduced the Kappa plasma dispersion function
of argument
The parallel thermal velocity θ a is given by equation (2). Now, for the bi-Kappa distribution (4), the dispersion relation (7) yields
where we have used another Kappa plasma dispersion function (Lazar et al. 2008b )
of the same argument (10), but this time, the parallel thermal velocity θ a is given by equation (5). The dispersion equation (11) derived for the parallel electromagnetic modes in a magnetized biKappa plasma agrees exactly to that obtained previously (Summers & Thorne 1991; Mace 1996) , but simplifies considerably by introducing the dispersion function (12). Both Kappa dispersion functions from (9) and (12) approach the standard Maxwellian plasma dispersion function (Fried & Conte 1961) in the limit of large spectral indices κ, κ , κ ⊥ → ∞. Therefore, in this limit, both equations (8) and (11) reduce exactly to the dispersion relation of parallel transverse waves in an anisotropic plasma with a bi-Maxwellian distribution function (Gary 1993) .
Equations (8) and (11) represent general forms of the dispersion relations which enable a general analysis including an arbitrary number of plasma species. For the RH polarized modes with sufficiently high frequency, the ion contribution limits to that of an immobile neutralizing component, and the dispersion relations (8) and (11) simplify, respectively, to
where θ is given by equation (2), and
where θ is given by equation (5). For simplicity, we note = | e | and for the other quantities the subscript 'e' (for electrons) has been omitted. If the magnetic field is negligibly weak, i.e. 0, the dispersion relation (13) reduces exactly to that derived recently by Lazar et al. (2010) . Here, we remark the complexity of equation (13) with an explicit, but exclusive, dependence on the parallel spectral index κ suggesting new possible features of the parallel transverse modes in a product-bi-Kappa distributed plasma. Moreover, the influence of the regular magnetic field is expected to increase due to two new terms in equation (13) which vanish only for a very large κ → ∞ (Maxwellian limit).
N U M E R I C A L S O L U T I O N S
The complexity of equation (13) in particular implies that further analytical derivations in the approximative limits of small and large arguments of the plasma dispersion function cannot easily be undertaken. Therefore, we proceed to compute the solutions exactly numerically using plasma parameters and magnetic fields relevant for the solar and terrestrial environments (see Table 1 ).
First, we have to make two important assertions. If the plasma temperature is not high enough the wave instability effects driven by the temperature anisotropy will be negligibly weak. But here we consider plasmas with sufficiently high temperatures of the order of T 10 6 K (v T 0.02c), which fill interplanetary space and solar environments, e.g. the corona, solar flares, the solar wind and some distinct regions in the magnetosphere like the tail lobe (TL) and the plasma sheet (PS; see Table 1 ). On the other hand, a long time series of observations and in situ measurements in the solar wind have confirmed the existence of a relatively stable plasma confined by the kinetic instabilities within the limits of a small temperature anisotropy T ⊥ /T 2-3 (Pilipp et al. 1990; Salem et al. 2003; Stverak et al. 2008) . This means that the constraining instability is effective for larger anisotropies, i.e. T ⊥ /T 4 (or v T ⊥ /v T ≥ 2), and hereafter only such values will be considered, including the anisotropy thresholds where the field fluctuations are observed to be markedly enhanced (Gary & Wang 1996; Stverak et al. 2008 ).
Weakly magnetized plasmas: the solar wind
First, let us assume plasma weakly magnetized with /ω p ∼ 0.01, and with a temperature anisotropy v T ⊥ /v T = 2. According to Table 1 , these conditions resemble well the solar wind plasma conditions. The exact numerical solutions of dispersion relations (13) and (14) are displayed in Fig. 2 with dashed and dotted lines, respectively. Solutions have been found for two spectral indices κ = 2 and κ = 6, as well as for a large κ → ∞ (solid lines).
For small spectral indices, both the wavefrequency and the growth rate exhibit important departure from the Maxwellian solution, but in the opposite directions: solutions of equation (13) towards larger values and solutions of equation (14) towards lower values. The Table 1 . Plasma parameters for the corona, solar flares, two limit regions in the solar wind, the acceleration region at 0.1 au (SW1) and at 1 au (SW2), and three distinct regions in the magnetosphere, the tail lobe (TL), the plasma sheet (PS) and the radiation belt (RB) (Treumann & Baumjohann 1997; Aschwanden 2004 ).
System
Corona Flares SW1 SW2 TL PS RB n e (cm −3 ) 1 0 9 10 9 -10 11 10 7 10 10 −2 0.5 1 T e (K) 3 × 10 6 10 6 -10 7 10 6 10 5 5 × 10 5 5 × 10 6 5 × 10 7 B 0 (G) 10 100-500 0. (13) and (14) instability is enhanced in a product-bi-Kappa plasma and is suppressed in a bi-Kappa plasma. In this case the influence of the ambient magnetic field is negligible and the enhancing effect must be fully attributed to an excess of anisotropy (and free energy) of the product-bi-Kappa distribution in the velocity space (see Fig. 1 ). An additional feature to observe in Fig. 2 is that, in a productbi-Kappa plasma, the instability extends to wavenumbers markedly larger as compared to a bi-Kappa or a bi-Maxwellian plasma. We do not propose to provide here analytical forms of the cutoff wavenumbers, but only observe the existence of two cutoffs: while the minimum cutoff (k m ) is usually found from the condition of existence for the unstable solutions in the limit of large arguments (small wavenumbers) of the plasma dispersion function, the maximum cutoff (k M ) is given by the same condition but in the limit of small arguments (large wavenumbers) of the plasma dispersion function (Lazar, Schlickeiser & Poedts 2009 ). There is no difference between the minimum cutoffs for the three distinct distributions considered in Fig. 2. 
Moderately magnetized plasmas: corona outflows, flares and the plasma sheet
Now we increase the effect of the regular magnetic field taking /ω p = 0.1. Increasing the magnetic field will inhibit the instability diminishing the (maximum) growth rates and the interval of the unstable wavenumbers by increasing k m and decreasing k M ).
We keep the same symbols used and explained above, and display the exact numerical solutions of dispersion relations (13) and (14) for the same temperature and temperature anisotropy, but four spectral indices: κ = 2, 3 in Fig. 3 , and κ = 4, 10 in Fig. 4 . There is no change for the solutions of equation (14) which again lay under the Maxwellian and increase smoothly with κ reaching the Maxwellian only for a large κ → ∞.
Instead, the unstable solutions of equation (13) admit in this case growth rates having a non-uniform variation with κ: for small values of κ the growth rates are again higher than the bi-Maxwellian (Fig. 3,  left) , but they decrease with κ (Fig. 3, right) becoming smaller than the Maxwellian (Fig. 4, left) , and even smaller than the bi-Kappa (Fig. 4, right) . Due to the influence of magnetic field through the new explicit terms appearing in equation (13), the excess of free energy in a product-bi-Kappa distribution is rapidly lost with increasing κ. For further increase of κ the growth rates enhance again but slowly, and reach the Maxwellian only for a large κ → ∞ (Fig. 4, right) .
We should observe that for low values of κ, the product-bi-Kappa growth rates display at small wavenumbers a secondary (much reduced) maximum, which diminishes with increasing κ.
Contrary to the non-uniform variation of the growth rate, the cutoff wavenumbers decrease smoothly with κ reaching the Maxwellian for a large κ → ∞. The inhibiting effect of the ambient magnetic field is removed by increasing the anisotropy and this is shown in Fig. 5 .
Highly magnetized plasmas: solar flares and the tail lobe and the radiation belt in magnetosphere
For a highly magnetized plasma with /ω p ∼ 1, the growth rates of the electron whistler-cyclotron instability are shown in Fig. 6 . If the ambient magnetic field is very intense (or plasma density is low) the non-uniform variation of these growth rates in a product-bi-Kappa plasma is observed again, but the inhibiting effect is much faster with increasing κ, and the growth rates for a product-bi-Kappa plasma become much lower than the Maxwellian. In this case the secondary maximum does not appear but there a small departure between the minimum cutoffs can be observed at low values of κ. (13) and (14) (13) and (14) 
The instability threshold
The whistler-cyclotron instability is limited by a maximum cutoff wavenumber which decreases with the temperature anisotropy T ⊥ /T (compare e.g. Figs 2 and 5), and by a minimum wavenumber which increases with the magnetic field (compare e.g. Figs 2 and 3). The growth rate is reduced with increasing the magnetic field strength, and it can be suppressed completely when the magnetic field is sufficiently strong. In this limit, the maximum growth rate becomes negligibly small and the two cutoffs approach each other k m = k M . This is the threshold condition which ensures a minimum (threshold) temperature anisotropy necessary to develop the instability.
Numerical estimations for the instability thresholds are shown in Fig. 7 with dashed line for a bi-Maxwellian, and with solid line for a product-bi-Kappa. Note that the instability threshold in a bi-Kappa plasma does not depend on the spectral index and approaches quite well the instability threshold in a bi-Maxwellian.
The anisotropy threshold for exciting the whistler-cyclotron instability is significantly reduced in a product-bi-Kappa plasma, making this instability more effective for smaller β ≡ 8πn 0 k B T /B 2 0 . This could explain the stable plasma configurations in the fast solar wind, which are restrained to narrow limits of small β < 1 (Stverak et al. 2008) .
D I S C U S S I O N A N D C O N C L U S I O N S
We have investigated the electron whistler-cyclotron instability driven by a product-bi-Kappa distribution for conditions typically encountered in magnetosphere and different altitudes in the solar wind. This instability stimulates the electron cyclotron emissions which are widely invoked in astrophysics and fusion plasma experiments. Previous studies were limited to a bi-Maxwellian or a bi-Kappa distribution and found a suppression of this instability in the presence of Kappa populations. Here, we have modelled the anisotropic plasma with a product-bi-Kappa distribution function. This new model is more flexible because the dynamics of plasma particles over the two principal directions are decoupled and characterized by two distinct temperatures and two distinct spectral indices, κ = κ ⊥ . Moreover, such a distribution function permits further analytical progress leading to tractable expressions for the dielectric tensor elements in special cases, e.g. for the oblique modes in the limit case of a Kappa-Maxwellian plasma this ability has already been proven (Cattaert et al. 2007 ).
The electron whistler-cyclotron instability has been found to be very sensitive to the shape of the anisotropic distributions. Thus, while in a bi-Kappa model, the growth rate is, in general, enhanced with Kappa reaching the maximum value for a very large κ → ∞, in a product-bi-Kappa plasma the growth rates are found to behave in different ways reaching a higher maximum for a weakly magnetized plasma, or a lower maximum for an intense magnetic field. Contour plots from Fig. 1 do indeed show a prominent asymmetry of the product-bi-Kappa distribution, and this asymmetry provides the free energy that enhances the instability at small values of κ. But for intense magnetic fields this surplus of free energy is rapidly lost with increasing κ, and the growth rates become smaller than the bi-Maxwellian and even lower than the bi-Kappa.
The minimum cutoff wavenumber does not change significantly but both the wavenumber corresponding to the maximum growth rate reached at saturation and the maximum cutoff wavenumber increases considerably. Measuring these cutoffs allows us to determine the temperature anisotropy or the magnetic field strength B 0 .
Instability thresholds have also been determined numerically. In a bi-Kappa distributed plasma the anisotropy threshold does not depend on the spectral index and approaches quite well the instability threshold in a bi-Maxwellian. But for a product-bi-Kappa the threshold is markedly reduced making the instability more effective for small β . This could explain the observations in the fast solar wind, where the distribution functions are expected to exhibit high asymmetry alike a product-bi-Kappa (see Fig. 1 ), and where the stable plasma configurations (for both the core and the halo) are restrained to narrow limits of small β < 1 (Stverak et al. 2008) .
The use of a product-bi-Kappa distribution function extends the role played by the whistler-cyclotron emissions and their effects in space plasmas. These emissions can be stimulated by the Kappa tails given their asymmetry (and free energy) in velocity space. The results presented here could therefore contribute to refining the existing models of the plasma constraints in space or experiments, and resolve disagreements between the observations and the previous dispersion models.
